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Abstract

Flow instability and flow control in compliant tubes are studied in application to
biological systems and technical devices. Common features of the flows are determined
by fluid–structure interaction that may lead to absolute and convective instabilities. The
stability of a steady flow of an incompressible viscous fluid through a compliant tube
composed of three anisotropic viscoelastic layers with different material properties is
studied. The eigenvalues of the system are calculated for the no-stress and no-
displacement boundary conditions at the outer surface of the tube. It is shown that the
flow can be stabilized by a proper choice of the thickness, viscosity and elastic moduli
of the layers. The multilayered viscoelastic coatings can be used to control flows in
compliant ducts.

1. INTRODUCTION

Biofluid flows in distensible tubes, fluid–structure interaction and flow-induced instabilities are the
subject of many review papers [1–3]. Currently new results have been obtained both in theory and
experiment, and new important aspects of the fluid–structure interaction have been found in different
biofluid-conveying ducts including blood flow in blood vessels, air flow in human’s airways, peristaltic
transport in collapsible elements of the gastrointestinal tract, urine in the urethra, tears in the tear ducts,
milk in the milk ducts. In each of these cases, the ducts are composed of more than one layer each with
different material parameters. Flow instability in compliant ducts can produce flow-limitation and
pressure-limitation effects, wall oscillations, damage of the innermost layer (endothelium) of the duct,
and sound generation in veins, airways, larynx and glottis. Many problems of blood flow through stents
and grafts, collapse of airways and apnea in snorers, speech generation, and others are determined by
the flow interaction with compliant walls and the stability of the combined system. Therefore, keen
understanding of the mechanics of those instabilities and particularly their control is desired.

The very first result on a fluid flow through distensible tubes was published by Conrad [4], although
experimental observations of wall oscillations of the equine carotid artery have been made by Antonio
Valsalva as early as 1824. French physician Jean Louis Marie Poiseuille carried out a series of in vitro
experiments with blood flow in the distensible arterial segments and discovered the relationship
between the flow rate Q and the driving pressure drop δP. When the tube conveying a fluid is flexible,
strong couplings exist between the fluid flow through the tube, the driving pressure drop δP, the
external pressure Pext, and the shape of the tube cross-section determining the flow boundary. When the
pressure Pint inside the tube is no less than Pext, the tube is either fully open or dilated and coupling is
weak, but it is strong when the tube collapses to elliptic cross-section and further to a contact between
the opposite sides of the wall and a full collapse. The collapse state is characterized by some unusual
and physiologically important phenomena, including flow limitation and self-excited oscillations [5].
When the tube is not collapsed, the flow influences the wall motion and vise versa, and the energy
transfer at the fluid–solid interface produces some phenomena connected with absolute and convective
instability of the system.

Liquid flows through compliant tubes in technological and biomedical processes, for example fluid
separation, drug purification, polymer processing, blood oxygenation in pump oxygenators, often
creates turbulent boundary layers, which in turn can lead to significant loss in efficiency. Turbulent skin
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friction is responsible for a significant portion of the drag experienced by aircraft, ships and underwater
vehicles. In water and wind tunnels, the methods of delaying laminar-to-turbulence transition, skin-
friction drag reduction in the turbulent flows, quelling vibrations, and suppressing the flow-induced
noise are promising for different applications [6]. Fluid flow accompanied by wall oscillations and fluid
stirring is essential in heat transfer processes (water heating and distribution, steam generating stations,
petroleum industries, nuclear power stations) because the flow instability influences the heat transfer
rates [7].

An avalanche of the experimental and theoretical investigations of the flow stabilization by a
compliant surface had been promoted by observations of the swimming dolphins. Kramer was the first
who suggested a dolphin’s body experiences low drag due to special structure of its compliant skin,
which allows delaying transition to turbulence and maintaining the laminar flow [8]. Recent successes
in the field of composite materials lead to elaboration of promising coatings for turbulent boundary
layer stabilization and laminar-to-turbulence transition postponement [9–13]. It is established that a
sufficiently compliant coating can completely suppress Tollmien–Schlichting waves, giving a
significant delay in the onset of laminar-to-turbulent transition mostly for flat-plate boundary layers [6,
9, 11–15]. Unfortunately, other types of solid-based modes can also become unstable, and the problem
of finding the material parameters for a successful coating for practical use is difficult [16, 17–22].
Noticeable success has been achieved in studying and mimicking the detailed inner structure and
lubrication of dolphin’s skin, which is important for elaboration of the compliant coatings for the
underwater vehicles [23]. The results of detailed FEM computations of the flow past the dolphin’s fin
taking into account realistic morphological structure of the papillary layer are presented in [24]. It was
shown the skin structure allows the flow-skin interface to behave similar to an anisotropic compliant
wall in regions of favorable and adverse pressure gradients acting on the fin. In that way anisotropic
composite materials are more promising as candidates for the successful coatings than the isotropic
ones.

Certain two-layer compliant coatings composed by an outer isotropic elastic layer with or without
applied longitudinal tension mounted onto the inner anisotropic elastic foundation have been proposed
[25, 26] for the drag reduction. Since the parameters of the successful coating that locally reduce the
growth of disturbances depend strongly on the Reynolds number, the multi-panel coating in which each
plane is optimized for a particular Reynolds number range can be advantageous for practice. That sort
of the multilayered compliant coating consisting of two isotropic panels in series has been proposed for
delay of laminar-turbulent transition [15]. Anisotropy of the compliant Kramer-type coating has also
been found important for the flow stabilization [14, 26, 27]. When anisotropic materials are used for
the layers and the set of material parameters is enriched by different Young’s moduli, Poisson ratios and
shear moduli, the flow control by a proper choice of the wall parameters becomes even easier [21, 22].

The advantages of the three-layer coating accounting for the viscosity of the wall layers have been
studied in [20, 21, 28, 29]. It was shown, the fluid flow in the three-layer tube could be stabilized by
variations of the elasticity of the inner and outer layer or viscosity of the middle layer depending on the
boundary conditions at the outer surface of the tube. The most-unstable fluid-based mode could be
stabilized and in some cases even the absolute instability could be eliminated [22]. The parameters of
different coatings that stabilize the system, prevent flow separation and skin drag growth, delay the
laminar-turbulent transition, suppress the self-excited oscillations and noise generation can be used for
the passive control over the flow in the ducts and over the surfaces. In this paper, control mechanisms
of biofluid flow stability are discussed, and passive control of the flow stability in multilayered tubes
at different boundary conditions is substantiated.

2. FLOW CONTROL

The problem of flow control is important for fluid flow in compliant tubes for both biological and
technical systems. Reactive control in living beings is provided by a proper variation of rheological
properties and geometry of the solid and viscosity and velocity of the fluid. The nervous and humoral
systems are responsible for the reactive control as well as the local chemical and mechanical stimuli.
For instance, thickness and rigidity of the blood vessel walls and the lumen of the vessel can be changed
by contraction of the smooth muscle cells composing the middle layer of the wall. The muscle
contraction is determined by the hydrostatic pressure in the blood vessel and the shear rate at the inner
(epithelial) layer composed by mechanosensitive cells.

The cells of the inner layer control also the growth and formation of the vascular network, providing
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optimal branching angles in the bifurcations [30]. The mechanism of formation of the optimal
branching networks that supply the inner organs and muscles and distribute oxygen and nutrients to
each cell at minimal total energy expenses is based on the long-term reactive control of the lumens of
the vessels forming the bifurcations in a growing living body. If the shear rate at the wall is maintained
by the mechanosensitive cells within certain narrow physiological limits, the relationship between the
flow rate and diameter of the tube becomes close to Q ~ d3 and the flow continuity condition in the
bifurcation gives d3

0 = d3
1 + d3

2, where d0 and d1,2 are diameters of the parent and daughter vessels
accordingly. The validity of the relationship has been confirmed by numerous observations in
mammalian circulatory systems, fluid and gas transport systems of fishes and insects, trophic fluid
transport systems of a variety of suspension-feeding marine invertebrates (mollusks, brachiopods,
lophophore, sponges) [31], the conducting systems of plant leaves [32–34], tree branching [35] and
even in the bifurcations of axons [36] which are also formed by compliant membranes filled with
viscous intercellular contents of the nervous cell. The identity of the branching laws in animals and
plants confirms that similar principles of the reactive flow control in the living nature had been
developed during the evolution. A reactive response of the vessel wall geometry and material properties
to the altered flow parameters determines development of different pathology as well. Initial intimal
thickening, fibrosis, smooth muscle hypertrophy and fat accumulation in the vessel wall and plaque
formation are strongly influenced by the flow conditions [37, 38].

As surgeons have observed it, when a blood vessel is dissected at the bifurcation, the blood jet
subtends the same angle with the axis of the parent vessel as the daughter vessel had before dissection.
Consequently, the branching angles correspond to the jet flows and provide minimal shear stress at the
inner walls of the daughter vessels near the bifurcation. If the branching angle is perturbed by any
developmental abnormalities or pathology and became less/greater than the optimal angle, the shear
stress will exceed the optimal value at the outer/inner surface and will be reduced at the inner/outer
surface of the daughter vessel [34]. The signal about the nonuniform stress distribution at the inner and
outer walls will be transferred by the mechanoreceptors into the other layers of the blood vessels
providing their adequate non-uniform growth and gradual correction of the perturbed branching angles
towards their optimal values.

The vascular regions near the bifurcations are the most vulnerable for the atherosclerotic plaque
formation, because flow separation after the bifurcation, nonuniform stress distribution and slow blood
flow in the stagnation regions are favorable for developing different pathology of the blood vessel wall
[39, 40]. Examples of the reactive control of the fluid flow and solid transformations (normal and
pathological growth, degeneration, ageing variations) can be found everywhere in the living bodies.
Preventing the flow separation is also important in the technical applications giving the substantial
reduction in the form drag and lift enhancement [41].

Passive flow control is widely used in medicine, especially in the cardiovascular surgery. Powerful
computational fluid dynamics technique allows detailed computations of the blood flow profiles and
stress distribution at the inner surface of the vascular bifurcations with complex geometry, arterial
stenosis and aneurisms, and heart chambers. In theory, the optimal shape of the bifurcations (i.e. carotid
sinus, aortic bifurcation) can be computed to avoid significant flow separation and extensive stagnation
regions. The optimal branching angles of the arterial and arteriovenous grafts can also be computed to
prevent flow instability and wall vibrations and provide optimal propagation and reflection of the blood
pressure waves [42]. Unfortunately, more than half of the arteriovenous grafts fail and require surgical
reconstruction [43] as well as in some several months the stented vessels could become occluded again
due to intimal growth.

Active control over the blood flow regimes (Reynolds number), blood pressure, heat and mass
exchange at the vessel wall and in the capillaries, flow pumping by the contracting muscles, flow
stabilization, delaying laminar-turbulent transition, suppression of vibrations of the solid are also
important in medicine. Blood viscosity, wall distensibility, vessel lumen, hydrostatic pressure, blood
ejection by the heart and some other parameters can be modified and kept at certain values by
chemicals, mechanical and electrical forces. Since a wide range of Reynolds numbers from Re = 10–3

in capillaries to Re ≈ 6000 in the aorta is observed, the problem of the passive, active and reactive
control of the blood flow in the vessels remains topical for the biomedical applications.

In the present paper some novel results on the flow instability in the multilayered viscoelastic tubes
are reported and a possibility to stabilize the flow and in that way control the flow stability at different
boundary conditions is substantiated.
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3. PROBLEM FORMULATION

The stability of the Poiseuille flow of a viscous incompressible fluid in a multilayered thick-walled
viscoelastic tube has been studied by Hamadiche and Kizilova [20] for the no-displacement boundary
conditions at the outer surface of the wall. In this paper the flow of the viscous liquid through a long
viscoelastic thick-walled tube with the inner radius R, thickness h and length L is considered at different
boundary conditions. The wall is composed of three anisotropic layers with thicknesses h1, h2, h3, where
h1 + h2 + h3 = h. The conservation equations for the fluid are the incompressible Navier-Stokes
equations

(1a)

(1b)

and the mass and momentum conservation equations for the incompressible wall are

(2)

where 
�ν is the flow velocity, u–(j) is the wall displacement, ρf and ρw

(j) are the mass densities for the fluid
and solid layers, j = 1,2,3 is the number of the layer, p and p(j) are the hydrostatic pressures, σ̂ and σ̂(j)

are the stress tensors for the fluid and the wall layers.
The viscoelastic body with parallel connection of the elastic and viscous properties (Voight model)

has been considered for the solid layers

(3)

where Aik
(j) is the matrix of elasticity coefficients, µw

(j) are the viscosities of the layers, 

is the strain tensor, is the stress vector, 

and 
�ε (j) is the similar strain vector.

The boundary conditions include the continuity conditions for the fluid velocity and displacement
of the inner layer and normal and tangential stresses at the fluid–solid interface; the continuity
conditions for the displacements and stresses at the interfaces of the layers respectively:

(4)

(5)

(6)

At the outer surface of the tube both no-stress

(7)

and no-displacement

(8)

boundary conditions have been considered, where n and τ denotes the normal and tangential
components of the stress tensor.
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The solution of the fluid–structure interaction problems (1)–(7) and (1)–(6), (8) has been found as a
superposition of the steady liquid flow and small axisymmetric disturbance in the form of the normal
mode:

(9)

where 
�νo, 

�
u(j)o, po, p(j)o are the amplitudes of the corresponding disturbances, k = kr + iki, s = sr + isi, si

is the wave frequency, kr is the wavenumber, sr and ki are spatial and temporal amplification rates. The
steady part {

�ν*, p*} of (9) is identified with Poiseuille flow. Both isotropic and transversely isotropic
materials for the wall layers have been studied.

According to the experimental data [44, 45] the plane of isotropy of each layer is perpendicular to
the radial axis and the matrix of elasticity coefficients is the following:

(10)

where G1,2
(j) are the shear modules, E1,2

(j) are the Young’s modules and ν1,2
(j) are the Poisson ratios of the

layers. The values E1,2
(j) and G1,2

(j) are different for different blood vessels (of elastic or muscle type) and
for the normal vessel wall and at some pathological cases including hypertension, atherosclerosis and
hyperlipidemia. The values ν1,2

(j) for the incompressible materials are close to zero. Since the blood
vessel walls are filled with small vessels delivering the blood into the wall (vasa vasorum), some
compressibility of the wall material can also be taken into account. The tubes of different technical
devices composed from several layers with different viscoelastic parameters can also be considered
basing on (1)–(8).

The temporal and spatial eigenvalues of the systems (1)–(7) and (1)–(6), (8) have been computed
using the technique described in [18, 19, 22].

The problems have a large number of the parameters, so we concentrated on the effect of the
Reynolds number, viscous and elastic parameters and thicknesses of the wall layers on the system
stability for axisymmetric disturbances (n=0 in (9)).

4. RESULTS AND DISCUSSIONS

The temporal eigenvalues of the system in the complex (si, sr)-plane are shown in Fig. 1a. The modes
located near the real axis of the (si, sr)-plane are solid based and those located near the imaginary axis
are fluid based. The modes near the point of origin couple efficiently the solid and fluid motion. The
distribution density of the eigenvalues along the real and imaginary axis depends on the elastic and
fluid inertia forces determined by the values Γ and Re. For the cylindrical water column with free
boundaries the fluid based modes only remain in the (si, sr)-plane, whereas for the empty viscoelastic
shell the fluid based modes disappear and we can find the solid based ones only. The modes involved
efficiently in the fluid–solid interaction are placed near the origin of the complex plane where the
unique unstable mode with sr > 0 is located.

Unless indicated otherwise, the numerical values of the nondimensional physical parameters are as
follows: the wavenumber kr = 2.5, the frequency si = 2, the Reynolds number Re=100, the ratio of the
fluid inertia to elastic forces Γ = 1, the non-dimensional Young’s modulus and shear modulus are 
Ξ(j)

1,2 = 1 and Θ(j)
1,2 = 3, the solid to fluid density ratio ρ(j) = ρw

(j)/ρf is ρ(j) = 1, the relative (nondimentional)
solid to fluid viscosity of the layers is µ(j) = µw

(j)/µf, the non-dimensional tube radius and the thicknesses
of the layers are R = 1, H = 0.1, H1 = 0.02, H2 = 0.04, H3 = 0.04. The calculated results have been found
to be practically insensitive to the Poisson’s ratio of the layers.
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The spatial eigenvalues of the system in the (kr, ki)-plane are plotted in Fig. 1b. The spectrum in the
complex wavenumber plane forms four branches in the upper part (ki > 0) of the plane and four
branches in its lower part (ki < 0). The modes in the upper part are the monochromatic components of
the solution for z > 0. In other words, they are solutions in the region located behind (downstream) the
source of perturbations. The modes in the lower part of the (kr, ki)-plane correspond to the solutions
located upstream the source of perturbations. Superposition of the forward and backward propagating
waves produces a complicated pattern of the pressure and flow time variation in the fluid and the wall
oscillations in any given cross section of the tube.

When the no-displacement boundary conditions are applied at the outer surface of the tube, the
temporal Eigen modes in (si, sr)-plane form five branches (Fig. 2a). The four horizontal branches are
composed of the solid based modes and the vertical one is composed of the fluid based modes. The four
branches in the (kr, ki)-plane in Fig. 2b correspond to the upstream and downstream propagating
torsional and flexural modes. The spatial eigenvalues at the no-displacement conditions form the more
complex pattern because the flow-induced wall displacement is constrained by the attachment
conditions at the outer surface of the tube that enhances the fluid–solid interaction. At the no-stress
conditions the wall may be efficiently involved into the motion produced by pressure wave propagation
in the fluid depending on the wall elasticity only. Nevertheless it is not clear which mode actually exists
for given boundary conditions, investigation of the system stabilization by decreasing the instability or
elimination of the most-unstable mode provides an efficient tool for understanding the mechanism of
stabilization.

When the outer surface of the tube is free and the wall displacement is entirely defined by the fluid
flow and wall parameters, the eigenvalues of the system are mainly the fluid based. Contrary to the
case, the eigenvalues are mainly the solid based when the wall is attached to the rigid surrounding
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Figure 1. Temporal (a) and spatial (b) eigenvalues of the system at the no-stress conditions for the
material parameters presented in the text.

Figure 2. Comparison between isotropic and anisotropic eigenvalues, for the no-displacement boundary
conditions. +: isotropic layers, Θ(j) = 1, Ξ(j) = 2; o: anisotropic layers, Θ1

(j) = 0.1, ν1,2
(j) = 0.1, Θ2

(j) = 1, Ξ1
(j) = 20,

Ξ2
(j) = 2. (a) Temporal eigenvalues of three-layer viscoelastic tube in the (si, sr)-plane. (b) Spatial eigenvalues

of three-layer viscoelastic tube in the (kr, ki)-plane.



medium [20]. In comparison with solution of the problem for the no-displacement boundary conditions
(Figs. 2a, b) the spatial eigenvalues of the system at the no-stress conditions also form less complex
pattern (Figs. 1a, b). In both cases one can find a few branches for the long waves and one more branch
for the relatively short waves (kr = 10 – 20 and kr = 5 – 10 for the no-stress and no-displacement
boundary conditions accordingly). The bigger values for both long and short waves are proper to the
no-displacement case. The set of the modes for the long waves at the no-displacement conditions is
more various and there is some difference between the modes for the isotropic and anisotropic walls
(Figs. 2a, b).

The dependence of the temporal amplification rate on the wavenumber has been calculated in an
effort to establish the functional relationship between the temporal and spatial modes. The
corresponding dependence for several values of the Reynolds number is plotted in Fig. 3a. For the low
Reynolds numbers regime there is a wide range of unstable modes (sr > 0) including short waves. For
the high Reynolds numbers the instability is limited by the long waves only (kr < 8). Note that the
amplification rate of the unstable mode reaches its upper limit with increasing the Reynolds number.
As it is presented in Fig. 3a, the amplification rate reaches its maximum value when the system is in its
most amplified mode.

In [20, 21] the effect of the rheological parameters of the wall layers on the system stability has been
studied and some opportunities for stability control and elimination of the absolute instability have been
found. Extensive numerical computations at no-stress boundary conditions for different material
parameters have revealed that both temporal amplification rate and group velocity are also influenced
by the wall rigidity and viscosity. The dependence of the temporal amplification rate of the most-
unstable mode on the shear modulus of one of the layer while the shear modulus of the two other layers
remains unchangeable is plotted in Fig. 3b. In the considered variation range of Θ1

(j) and Θ2
(j) one can

see that an increase in the shear modulus of the three layers simultaneously leads to an increase in the
amplification rate, as is indicated by the solid line in Fig. 3b. An increase in the shear modulus Θ1

(1) =
Θ2

(1) of the inner layer which is in contact with fluid while the shear modulus of the other layers are Θ1
(2)

= Θ1
(3) = Θ2

(2) = Θ2
(3) = 1 leads to noticeable decrease in the temporal amplification rate down to its

negative values sr < 0 that corresponds to the temporal stability of the system as it is indicated by the
curve 2 in Fig. 3b. At sufficiently large values Θ1

(1) = Θ2
(1) > 7, the system becomes stable. An increase

in the shear modulus Θ1
(2) = Θ2

(2) or Θ1
(3) = Θ2

(3), while the parameters of the other layers are held Θ1
(1.3)

= Θ2
(1.3) = 1 or Θ1

(1.2) = Θ2
(1.2) = 1, stabilizes the system as is indicated by curves 3–4 in Fig. 3b. The

obtained result corresponds to experimental and theoretical considerations on the flow instability over
the compliant surface. The results presented in Fig. 3b reveal that flow stabilization in the complied
tube can be achieved by using the relatively rigid inner coating (inner layer) of certain thickness.

The effect of the viscosity of each layer on the temporal amplification rate has also been examined
by numerical calculations. The dependence of the temporal amplification rate on the viscosity of one
of the layer while other layers are non-viscous (elastic) is shown in Fig. 4a for the isotropic layers and
the no-stress conditions at the outer surface of the tube. An increase in the viscosity of the second and
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Figure 3. (a) Temporal amplification rate versus wavenumber for different Reynolds numbers. Curves 1–4
correspond to Re=1, 10, 100, 800. (b) Temporal amplification rate versus shear modulus Θ(j) at Re=100, kr
= 2.5 for isotropic wall Θ1

(1) = Θ2
(1) = Θ3

(1) = Θ (curve 1), and anisotropic wall at Θ1,2
(2) = Θ1,2

(3) = 1, Θ1,2
(2) = Θ (curve

2), Θ1,2
(1) = Θ1,2

(3) = 1, Θ1,2
(2) = Θ (curve 3), Θ1,2

(1) = Θ1,2
(2) = 1, Θ1,2

(3) = Θ (curve 4).



the third layers results in insignificant variation of the amplification rate, though the mode is slightly
damped for the very viscous wall material. Increasing of the viscosity of the first layer that is in contact
with the fluid significantly destabilizes the system. In other words, high viscosity of the first layer
enhances the fluid–structure interaction and, consequently, the energy transfer from the fluid to the
solid. It is worthy to note that when the no-displacement condition is applied to the outer surface, the
viscosity of the second layer strongly stabilizes the system [20].

For the viscoelastic layers an increase in the shear modules Θ1
(3) = Θ2

(3) of the outer layer leads to
increasing the system instability (Fig. 4b) in contrast to the elastic wall while the stabilizing effect of
the shear modulus of the inner layer is also observed at sufficiently high values Θ1

(1) = Θ2
(1). The system

stability and the behavior of the unstable modes are very sensitive to the material parameters of the
layers, as it has been found by numerical computations within the wide limits of the thicknesses and
viscoelastic parameters of the layers. The stabilizing effect of the inner layer has been observed in each
case at Θ1

(1) = Θ2
(1) < Θ* where the value Θ* depends on the viscosity of the layer.

The amplification rate of the most-unstable mode versus the viscosity of each of the layers is plotted
in Fig. 5a. The cases Ξ1

(j) = 20Θ(j), Ξ2
(j) = 2Θ(j) and Ξ1

(j) = 2Θ(j), Ξ2
(j) = 20Θ(j) have been considered. In

each case, the viscosity of two layers is kept constant while the viscosity of the remained one varies.
As can be seen, increasing the viscosity of the first layer, which is in contact with the fluid, leads to an
increase of the amplification rate of the most-unstable mode (Fig. 5a). Thus, increasing the viscosity of
the first layer destabilizes the system. The effect can probably be explained by better fluid–solid
coupling when the viscosity of the inner layer is sufficiently high. The viscosity of the second layer
shows a stabilizing effect (Fig. 5a), whereas the system is quite indifferent to variation of the viscosity
of the third layer. There is no clear explanation of the surprising effect concerning the stabilizing effect
of viscosity of the middle layer.

Owing to the fact that the viscosities of the first and second layers have an opposite effect, one
cannot use Benjamin’s classification [46] in order to classify this mode in one of the classes noted A,
B and C. In fact, according to Benjamin’s classification, if one considers the total disturbance energy
of the coupled fluid–solid system, a decrease in that energy leads to destabilization of the modes of
class A and to stabilization of the modes of class B, and has no effect on the modes of class C. The
effect of the viscosity of the first (second, third) layers suggests that class A (B, C) is an appropriate
one for the corresponding case. Consequently, this unstable mode could not belong to any of these
classes. Note that the most-unstable mode is near the real axis, which suggests that the mode is a fluid-
based one, and that the second unstable mode with small amplification rate is near the imaginary axis,
which suggests that this is a solid-based mode [20].

The group velocity of the most-unstable mode versus the viscosity of the layers is presented in Fig.
5b. Note that when µr

(2) = 0, the group velocity is negative. Therefore, it is all about an upstream-
propagating wave. An increase in the viscosity of the first layer, which is in contact with the fluid, leads
to an increase in the group velocity. In that way, the faster modes have higher viscosities. Variation of
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Figure 4. (a) Temporal amplification rate of the most-unstable mode versus the viscosity of one of the
three isotropic layers, Θ1

(1) = Θ1
(2) = Θ1

(3) = 1 at µr
(2) = µr

(3) = 0 (curve 1), µr
(1) = µr

(3) = 0 (curve 2), and µr
(1) =

µr
(2) = 0 (curve 3). (b) Temporal amplification rate versus shear modulus Θ for the viscoelastic layers at

µr
(1) = µr

(2) = µr
(3) = 30, for the isotropic wall Θ1

(1) = Θ1
(2) = Θ1

(3) = Θ (curve 1), and the anisotropic wall at Θ1
(2)

= Θ1
(3) = 1, Θ1

(1) = Θ (curve 2), Θ1
(1) = Θ1

(3) = 1, Θ1
(2) = Θ (curve 3), and Θ1

(1) = Θ1
(2) = 1, Θ1

(3) = Θ (curve 4).



the viscosity of the third layer leads to a relatively insignificant alteration in the speed of propagation
of the unstable mode. Surprisingly, any change in the viscosity of the middle layer leads to an inversion
of the direction of the propagation of the unstable mode, where the group velocity becomes positive.
For certain value of µr

(2), the group velocity is zero, which suggests the existence of absolute instability
in the anisotropic, three-layer tube. The existence of such absolute instability in isotropic viscoelastic
tubes has been shown in [18].

For tubes made of the same number of layers with the same rheological parameters, the system
stability is different for the no-stress and no-displacement boundary condition cases. When the outer
layer is attached to a rigid medium, the shear modules Θ1

(1) = Θ2
(1) and Θ1

(2) = Θ2
(2) produce quasi-opposite

effects on the system stability. The amplification rate decreases but remains positive with increasing the
shear modulus Θ1

(1) = Θ2
(1). The amplification rate significantly increases with increasing the shear

modulus Θ1
(2) = Θ2

(2), whereas the value Θ1
(3) = Θ2

(3) produces a relatively small increase in the
amplification rate while the rest of the parameters, including the shear modulus of the two other layers,
are kept constant and different. Variation of the shear modules Θ(1)

1,2 of the inner layer that is in contact
with the fluid has also been found to exert great influence on the group velocity of the most-unstable
mode. For sufficiently high values of Θ(1)

1,2, the disturbance changes its direction and becomes a
downstream propagating wave.

For both types of boundary conditions, an increase in the shear modulus of the inner layer leads to
stabilization of the system, although the effect is more pronounced for the no-displacement condition.
When the outer layer is attached to a less-compliant medium, such as when a blood vessel is attached
to surrounding tissues, the temporal amplification rate is scarcely affected by the shear modulus of the
constrained layer. In contrast to the case of a constrained wall, the system can be stabilized by
increasing the shear modulus of the third layer if displacement of the outer surface of the tube is
allowed by the boundary condition.

Influence of anisotropy of the layers on the system stability has been investigated by calculating the
temporal amplification rate of the most-unstable mode for the isotropic layers Ξ1

(j) = Ξ2
(j) and when one

of the layers is transversely isotropic and Ξ1
(j) ≠ Ξ2

(j). Some numerical results are presented in Figs. 6a–d.
Simultaneous increase in the Young’s modules of all the layers (Fig. 6a), and of the inner (Fig. 6b),
middle (Fig. 6c) and outer (Fig. 6d) layers separately is compared in each figure for isotropic and
anisotropic materials.

Curve 1 in Fig. 6a is obtained by varying Ξ1
(j) = Ξ2

(j) = Ξ, j = 1,2,3, while the other parameters are
hold constant. We observe a dramatic fall of the temporal amplification rate though the mode remains
unstable. Increasing the parameters Ξ1

(j) = Ξ, j = 1,2,3 leads to system stabilization, as shown by curve 2
in Fig. 6a, which is obtained by varying one of the parameters Ξ1

(j) = Ξ while other parameters are kept
constant. When Ξ ≤ 8, the most-unstable mode becomes stable. Increasing of the parameter Ξ2

(j) = Ξ for
all the layers j = 1,2,3 leads to opposite effect and enhances the system instability. An increase in the
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Figure 5. (a) Temporal amplification rate of the most-unstable mode versus the viscosity of the three
anisotropic layers. The parameters of the system are ν1

(j) = ν2
(j) = 0.1. Solid line corresponds to µr

(2) = µr
(3)

= 0; dashed line to µr
(1) = µr

(3) = 0, and dotted line to µr
(1) = µr

(2) = 0. The symbol + corresponds to Ξ1
(j) =

20Θ(j), Ξ2
(j) = 2Θ(j), symbol × to Ξ1

(j) = 2Θ(j), Ξ2
(j) = 20Θ(j). (b) Group velocity of the most-unstable mode versus

the viscosity of the three anisotropic layers. ν1
(j) = ν2

(j) = 0.1, Ξ1
(j) = 20Θ(j), Ξ2

(j) = 2Θ(j). Solid line corresponds
to µr

(2) = µr
(3) = 0, dashed line to µr

(1) = µr
(3) = 0, and dotted line to µr

(1) = µr
(2) = 0.



Young’s modules of the first, second and third layers separately influences the system stability in
different ways, as is shown in Figs. 6b–d. The temporal amplification rate decreases noticeably with
increasing Ξ1

(1) = Ξ2
(1) = Ξ (curve 1 in Fig. 6b) and Ξ1

(1) = Ξ (curve 2 in Fig. 6b), and the system
accordingly becomes stable at Ξ1

(1) < 13 and Ξ1
(1) < 18. Increasing the value Ξ2

(1) does not influence
stability of the most-unstable mode.

Effect of changing the Young’s modulus of the second layer is similar to the effect of Young’s
modulus of the first layer, as we may conclude from Fig. 6c. For the case Ξ1

(2) = Ξ2
(2) = Ξ (curve 1 in

Fig. 6c) and Ξ1
(1) = Ξ (curve 2 in Fig. 6c), stabilization of the system can be reached at approximately

the same values Ξ1
(1) < 13 and Ξ1

(1) < 18.
Anisotropy of the third layer exerts the most significant influence, as is shown in Fig. 6d. An

increase in Ξ1
(2) stabilizes the system, while an increase in Ξ2

(2) destabilizes it. When Ξ1
(3) = Ξ2

(3) = Ξ, the
system remains unstable and the temporal amplification rate is approximately of the same order of
magnitude as the mean temporal amplification rate obtained by independent variation of Ξ1

(3) and Ξ1
(3).

Based on the present results, optimal flow regimes (Reynolds number and forced frequency at inlet
of the duct) as well as thicknesses and rheological parameters of the wall layers can be calculated for
obtaining the appropriate stabilization conditions. In different transportation systems when maximum
flow rate is an important factor and system stability is desired, the rigid outer layer and viscous middle
layer should be chosen for, respectively, the no-stress and no-displacement boundary conditions at the
outer surface of the tube. At certain flow conditions, mass and heat transfer at the fluid–solid interface
or the rate of chemical reactions at the inner surface and within the liquid volume can be increased due
to wall oscillations caused by system instability. The calculated results determine the set of material
parameters of the tube and the appropriate flow regime for flow destabilization as well.

In that way the present numerical results reveal some novel opportunities for stabilization of fluid
flow in transversely anisotropic, multilayered viscoelastic tube by a proper choice of the elastic and
viscoelastic materials for the layers. In blood vessels, differences in Ξ1

(j) and Ξ2
(j) are connected with wall

structure. Each layer is composed of a set of the sheets (laminas) with different material parameters,
while connection between the sheets (in the radial direction) is provided by the fibers, which are usually
more extensible and flexible than the fibers located in the sheets in the plane of isotropy of the layers.
The difference is most important for the middle layer composed of several elastic laminas attached to
each other by elastic fibers. In technical materials, anisotropy is determined by orientation of the
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Figure 6. Temporal amplification rate of the most-unstable mode for anisotropic layers at different values
of the Young’s modules. (a) Ξ1

(j) = Ξ2
(j) = Ξ (curve 1), Ξ1

(j) = Ξ1 (curve 2), Ξ2
(j) = Ξ (curve 3); (b) Ξ1

(1) = Ξ2
(1) = Ξ

(curve 1), Ξ1
(1) = Ξ (curve 2), Ξ2

(1) = Ξ (curve 3); (c) Ξ1
(2) = Ξ2

(2) = Ξ (curve 1), Ξ1
(2) = Ξ (curve 2), Ξ2

(2) = Ξ
(curve 3); and (d) Ξ1

(3) = Ξ2
(3) = Ξ (curve 1), Ξ1

(3) = Ξ (curve 2), Ξ2
(3) = Ξ (curve 3).



polymer chains, grains and other inclusions, and by orientation of the fibers in fiber-reinforced
composites.

4. CONCLUSIONS

Stability analysis of a steady flow in thin- and thick-walled uniform and multilayered viscoelastic tubes
revealed some ways to increase the system stability by targeting the most-unstable modes. It was shown
that the system instability strongly depends on the rheological properties of the wall. Shear moduli and
viscosities of the layers produce the most prominent effects on the temporal and spatial amplification
rates and on the group velocity of the unstable mode. When the compliant tube is composed of three
layers with the same material parameters (a single-layer, thick-walled tube), the system is found to be
unstable. When the material parameters of the layers are different, the system may possess lower
temporal amplification rates and can become stable.

An increase in the shear modulus of the inner and middle layers decreases the temporal amplification
rate and stabilizes the system whereas some increase in rigidity of the outer layer eliminates the
temporal instability of a steady viscous flow in a compliant tube. Comparative analysis of system
stability at the no-displacement and no-stress boundary conditions at the outer surface of the duct
revealed that stabilization of the system can be achieved in both cases by increasing the rigidity of the
inner layer. For a transversely anisotropic material, temporal stability can be achieved by increasing the
shear modulus in the plane of isotropy of any of the layers at the no-stress boundary condition, and by
increasing the viscosity of the second layer at the no-displacement condition.

The present results point to a novel strategy to eliminate flow-induced wall vibrations and to
stabilize a fluid flow through a compliant tube by carefully choosing the values of the shear moduli and
viscosities of the different layers. In that way optimal parameters of a composite wall that provide
system stabilization can be chosen to construct sound absorption and vibration damping coatings in
aerospace vehicles and noise-generating devices. As applied to biomedical problems, the present results
shed new light on the stability/instability of blood vessels at the pathology connected with wall
thickening and the corresponding interrelated variations of the viscosities, elastic coefficients and
densities of the layers. The computed multilayered compliant coatings can be used for flow control in
different ducts conveying fluid. Based on the theory presented, the calculated results can be generalized
for non axisymmetric disturbances, which also take place in tubes of both technical devices and blood
vessels.
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